Abstract⎯The internal energy of magnetic anisotropy in some particles dominates over the thermal energy, even at room temperature. The existence of strong magnetic anisotropy of nanoparticles can significantly affect the process of magnetization of superparamagnets. However, if the axes of magnetic anisotropy of nanoparticles are randomly oriented, then their presence does not affect the process of magnetization, which occurs according to the classical Langevin theory. However, if the axes of nanoparticles are polarized (mechanical anisotropy), then the magnetization curve of a superparamagnet under the conditions of mechanical anisotropy lies between the Langevin curve and the curve of hyperbolic tangent and with increasing anisotropy moves progressively farther from the Langevin curve and approaches the curve of hyperbolic tangent. It has also been shown that, in the case of powder superparamagnets, the presence of mechanical anisotropy leads to significant changes in the Curie constant.
INTRODUCTION
In the recent decades, there took place large changes in the field of the development and investigation of magnetic nanomaterials. This is related to both the development of efficient methods of production and stabilization of magnetic particles of nanometer size (nanoparticles) and the development of physical methods of their investigation [1] [2] [3] [4] [5] [6] . The enhanced interest of researchers of various profiles in nanoobjects is due to various practical applications of nanomaterials. They are used in systems of recording and storing information, in novel permanent magnets, in the systems of magnetic cooling, in magnetic sensors, etc.
With decreasing particle size to that of a singledomain (nanostructurization) while retaining spontaneous magnetization in them (T < T C , where T C is the Curie temperature), the effect of thermal fluctuations on the rotational dynamics of the magnetic moment m of the nanoparticle increases. This type of random motion of the magnetic moment is called superparamagnetism and a system that consists of a macroscopic number of magnetic nanoparticles is called superparamagnetic. One of the specific features of superparamagnets that distinguishes them from standard paramagnets is that the elementary carriers of magnetic properties in them are magnetic nanoparticles that contain a large number of atoms in a magnetically ordered state, rather than separate atoms or molecules. The magnetic moments m of nanoparticles are much larger in magnitude than the magnetic moments of separate particles of a usual paramagnet, which are equal to only a few Bohr magnetons. Another specific feature of superparamagnets that distinguishes them from usual paramagnets is related to the existence of a magneticanisotropy energy in the constituent particles.
If the nanoparticles that make up a superparamagnet were obtained by the nanostructurization of an easy-axis ferromagnet, the nanoparticles also should be easy-axis magnets (have an anisotropy axis). The energy of the anisotropy of uniaxial nanoparticles can be represented as follows [1] [2] [3] [4] : (1) where A is the anisotropy constant, which depends on the nanoparticle size, and θ is the angle between the direction of the vector of the magnetic moment m of the nanoparticle and the anisotropy axis n (Fig. 1) . Usually, the anisotropy coefficient and the magnitude of the magnetic moment are represented as follows [1] [2] [3] [4] :
and where K and M s are the densities of the corresponding quantities, is the volume of the central magnetic sphere, and d m is the so-called magnetic diameter of the particle.
The process of magnetization of the usual ideal gas of paramagnetic particles that do not possess an internal energy of magnetic anisotropy is described well by the Langevin theory. According to this theory, the ( )
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macroscopic magnetization of the system of particles with a magnetic moment μ is given by the following expression:
where L(x) = cot x -1/x is the Langevin function, N is the number of particles per unit volume, B is the magnetic induction of the external magnetic field, k is the Boltzmann constant, and T is the absolute temperature. However, the presence of the energy of anisotropy of a given type is characteristic of all magnetic nanoparticles. The greatest value of K = 4.5 × 10 5 J/m 3 is observed in cobalt with a hexagonal structure [7] ; in nanoparticles of magnetite (Fe 3 O 4 ), its value is smaller by an order of magnitude. Nevertheless, the formula for the macroscopic magnetization of a superparamagnet that consists of magnetic nanoparticles is usually described, by analogy with the usual paramagnets, in the Langevin form, replacing μ in it with the magnetic moment m of the nanoparticle. Note that the magnetization of the superparamagnet derived in this way is independent of the coefficient A, which is by no means a small quantity in the case of superparamagnetic particles. How the validity of the application of the Langevin formula to an ensemble of magnetically anisotropic nanoparticles can be substantiated? Which changes in the magnetization curve are caused by the polarization of the anisotropy axes of nanoparticles?
In this paper, we try to answer these questions.
GENERAL PROPERTIES OF MAGNETIC NANOPARTICLES
The ensembles of single-domain magnetic nanoparticles in the superparamagnetic state are used in practice in the following forms: (a) as a powder of magnetic nanoparticles; (b) as a system of magnetic nanoparticles in a solid matrix or in biological objects; and (c) as liquid suspensions of magnetic nanoparticles (magnetic liquids or ferrofluids). In the first two cases, the axes of magnetic anisotropy of the nanoparticles are oriented randomly and are immobile (frozen). In the third case, the nanoparticles can rotate. In what follows, we will speak of them as of nanoparticles in solid (cases (a) and (b)) and liquid (case (c)) matrices.
The Hamiltonian function of a uniaxial nanoparticle placed in a magnetic field is written as follows [3] :
The first term in (2) expresses the energy of uniaxial magnetic anisotropy (1); and the second term corresponds to the interaction of the magnetic moment m with the magnetic field B.
In the equilibrium state, the angles θ and ϕ that specify the direction of the magnetic moment are
, , sin cos cos sinθsinψcosφ . , 0.
determined from the conditions of the minimum of the energy (2):
In the case of nanoparticles in a solid matrix, only one of these two conditions can be fulfilled. Indeed, since the anisotropy axes of nanoparticles in a solid matrix are oriented randomly and cannot rotate, and since the angle θ in the process of the magnetization fluctuates in a range of 0 < θ ≤ π, none of these angles is identically equal to zero, and the condition of the minimum of (3) is reduced to the identical equality ϕ ≡ 0, which means that, in equilibrium, the angles θ and ψ lie in the same plane. In this case, condition (4) takes on the following form:
The angles θ and ψ are random quantities. The random character of the variable θ is due to the effect of thermal fluctuations; the random character of ψ is due to the initial spread of the anisotropy axes of nanoparticles in the solid matrix. It is clear that, in the case of immobile ψ and variable θ, the condition of the energy minimum (5) for the nanoparticles in a solid matrix cannot be fulfilled. Then, by applying condition ϕ = 0 to energy (2), we obtain the following expression for the Hamiltonian function of a magnetic nanoparticle in a solid matrix:
sin cos + cos cos = 0. The condition of the minimum of (5) becomes satisfiable in the case of superparamagnets in the liquid matrix, where each particle separately rotates randomly.
As follows from an analysis of the Hamiltonian function (6), the energy of a nanoparticle in the range of angles 0 < θ ≤ π has two minima (or two potential wells) of different depths with an energy barrier between them of an order of A. For the magnetic moment to rotate (pass from one potential well into the other), this barrier must be surmounted. At temperatures below the blocking temperature (T < T b ), over-barrier fluctuational transitions occur and, after a certain time τ N , the entire system of the nanoparticles forms a common thermodynamic system. The formula for the characteristic time of fluctuational over-barrier transitions under the condition a = A/kT ≥ 1 was obtained for the first time by Néel [1] [2] [3] . The Néel process of relaxation is related to the relaxation process that occurs inside the particle. As a result of this relaxation, the magnetic moment of the particle can change its direction, whereas the very particle can remain immobile. Therefore, the Néel process of relaxation is especially important in the case of magnetic nanoparticles in a solid matrix.
In the equilibrium state, the magnetic nanoparticles generally interact with one another. However, under certain conditions this interaction can be neglected and the model of the "ideal gas" can be used. Let us find conditions under which such an approximation is permissible.
Usually, it is only the central part of a nanoparticle that has magnetic properties, whereas the external layer covering the particle has no magnetic properties. Therefore, assuming that the particle is spherical, it is expedient to introduce a total diameter d of the particle along with the magnetic diameter d m .
The magnetic particles participate in dipoledipole interactions, which are on the order of , where is a magnetic constant and m depends on the magnetic diameter. Thus, the condition for neglecting the magnetic interaction between the particles can be written as follows: (7) If condition (7) is fulfilled, we can assume that the magnetic particles do not interact with each other and form an ideal gas of paramagnetic particles. Using direct substitution, we can show that, e.g., for the spherical nanoparticles of magnetite [6] (K = at room temperature, condition (7) have Below, we will use the model of an ideal gas of nanoparticles, assuming that the system under investigation contains particles of magnetite of these sizes.
MAGNETIZATION OF NANOPARTICLES WITH RANDOMLY ORIENTED ANISOTROPY AXES
As is known, the magnetic anisotropy of nanoparticles (1) does not affect the process of magnetization of superparamagnets with a solid matrix. Let us find why this takes place.
Owing to the random character of the variation of the angular variables θ and ψ, the Hamiltonian function (6) can be simplified substantially. Indeed, the second term in (6) depends on the difference of two independent random variables, ψ -θ. It is clear that this difference is also a random quantity independent of either θ or ψ separately. Let us introduce a new random quantity ξ = ψ -θ. Then, the Hamiltonian (6) can be represented as follows: (8) Following the general principles of statistical physics, let us carry out the standard procedure for calculating the average magnetization. Compose the statistical integral for the Hamiltonian function (8) as follows: (9) then write the multiparticle statistical integral Z = z N /N!, where N is the number of particles per unit volume. By calculating Z, we can easily obtain the expression for the free energy as follows: (10) and use this expression to obtain the average macroscopic magnetization of the superparamagnet (11)
The corresponding statistical integral z is represented in the form of a product of two integrals, one of which depends only on the dimensionless anisotropy energy a = A/kT and the other depends only on the Boltzmann factor b = Bm/kT as follow:
Here, is the Dawson function [8] , is one of the versions of the probability integral, z A is the statistical integral of a system of nanoparticles with an internal magnetic anisotropy in a zero magnetic field [9] , and z B is the statistical integral of the Langevin paramagnetic gas. Then, the multiparticle statistical integral of two united systems will be equal to
It can be seen that the expression for the free energy of the system is then separated into two terms as follows: (15) where (16) Thus, with allowance for the statistical integrals (13) and (14), the average magnetization of the system (11) proves to be dependent only on the second term F B of the free energy (15). After simple calculations, we obtain (17) Thus, for a system of magnetic nanoparticles in a solid matrix we have obtained a known [1, 2] result (17) consisting in that, despite the anisotropic character of the energy of nanoparticles, the magnetization of the system is independent of the anisotropy constant A and is expressed through the Langevin function. This result is a consequence of the action of two random processes, namely, of the random distribution of the anisotropy axes of nanoparticles and of the temperature fluctuations of magnetic moments.
Below, we will investigate how the process of magnetization will change when the randomly oriented anisotropy axes of nanoparticle are polarized in the direction of the magnetic field.
MAGNETIZATION OF NANOPARTICLES
WITH POLARIZED ANISOTROPY AXES For a nanoparticle in a liquid matrix, there is also another mechanism of relaxation, which is related to 
the possibility of rotation of the very particle (change in the variable ψ). This mechanism is characterized by the Brownian time of relaxation (or the time of rotational diffusion) (18) where η is the coefficient of viscosity of the basic liquid. The nanoparticle in a magnetic field is subject, along with the relaxation forces, as well to the moment of the magnetic force = which causes the rotation of the anisotropy axis. Due to the possibility of particle rotation, the condition of the minimum (5) can be fulfilled. An analysis of the rotational motion of this particle shows [2] that, under certain conditions, the anisotropy axes can become oriented in parallel with the vector of induction of the magnetic field (ψ = 0). The thus-obtained state is called the state of mechanical anisotropy. The characteristic times of rotation of the particle or of the establishment of the state of mechanical anisotropy are written as follows: (19) (20) where B A ≡ 2K/M s = 2A/ m is the magnetic induction of the anisotropy field.
For the magnetic-field-induced mechanical anisotropy to manifest itself, it is necessary that the time of rotation τ r (or ) be smaller than the time of rotational diffusion τ B ( o r ). With allowance for (19) and (20), these conditions lead to the following expression: (21) where Substituting ψ = 0 into (6), for the Hamiltonian function, in the state of mechanical anisotropy, we obtain the following expression:
The single-particle statistical integral for this state is written as follows: (23) The integration of (23) gives By constructing a multiparticle integral and carrying out rearrangements analogous to those performed in Section 3, we can obtain the following expression for the reduced magnetization (P f = M/N m ) in the presence of mechanical anisotropy:
Let us consider some limiting variants of this expression. By using an asymptotic expansion of the
limit of strong fields ( a ≥ 1), we can easily obtain the value of the polarization corresponding to the state of saturation magnetization In the limit of deep wells ( ), we obtain the following expression from (25) using the same asymptotic expansion of the Dawson function:
This result can easily be understood if we take into account that, in the limit of , the nanoparticles are strongly frozen in two wells and an analogy arises with a two-level system in which the difference in the populations of the levels in the state of thermal equilibrium is also determined by the hyperbolic tangent. However, for magnetite with the above parameters of the particles at room temperature, the wells are insufficiently deep (a ≈ 8.0) and the limiting case (26) does not take place; therefore, we should use the general formula (25).
MAGNETIZATION OF A MAGNETIC LIQUID
Summarizing the above-said, we can conclude that the curve of the magnetization of a magnetic liquid of magnetite in the range of strong fields B B r has the form P f (a, b), whereas the part of this curve in the range of weak fields B B r has the Langevin form
. In other words, the process of magnetization starts following the Langevin curve and near the saturation state changes according to the P f (a, b) curve. The transition from one form of the curve to the other is explained by the fact that the process of magnetization is accompanied by the gradual ordering of the anisotropy axes of the nanoparticles. At the beginning of the process of magnetization (B B r ), the anisotropy axes of the nanoparticles are random; in the end of the process (B B r ), they are oriented along the direction of the magnetic field. Therefore, the polarization of a magnetic liquid can be represented as follows: (27) For the magnetite nanoparticles of the above sizes, at room temperature, we have B r ≈ 0.00.01 T. Figure 2 shows the polarization curves (Langevin, P L ; magnetic liquid, P F ; powder in the state of mechanical polarization, P f ; form of the hyperbolic tangent, P h ) constructed based on Eqs. (17), (25), (26), and (28), respectively, for the magnetite nanoparticles with sizes d m = 11 nm and d = 15 nm, at room temperature (a = 8.0, b ≈ 100B). For the curves P f , P h , and P F , the saturation occurs much earlier than for the Langevin curve 
The corresponding magnetization curve P f is shown in Fig. 2a . Since in the limit of weak fields, we have P f (a, B B r ) ≈ mB/3kT, the mechanical anisotropy of a magnetic liquid leads to only insignificant changes in the Curie law (Fig. 2b ). For the above cases, we have tan α F /tan α L ≈ 1.2 and tan α F /tan α L ≈ 2.6.
MAGNETIZATION OF POWDER SUPERPARAMAGNETS IN THE PRESENCE OF MAGNETIC ANISOTROPY
The state of mechanical anisotropy can also be created in the powder superparamagnets. Note that, in these systems, the random orientation of the anisotropy axes is maintained by friction forces between the particle surfaces. Assume that we shake the container with the powder in a strong magnetic field. Upon shaking for a short time Δt, the particles are freed from the friction forces and acquire the possibility of free rotation. Assume that the following conditions are fulfilled:
In this case, after the time Δt, a state of mechanical anisotropy is established in the system, which is retained after this time. The time of rotation of the nanoparticle can be estimated using formula (20), assuming that, here, η is the viscosity of air. Then, for the case under consideration, we obtain τ r ≈ 2.1 × 10 -9 s. Based on this estimate, it can be assumed that the fulfillment of condition (28) represents no difficulty. For the superparamagnet obtained in the above way, the magnetization will occur according to the formula (25). Comparing the curves for P L and P f , we see that the shaking of a powder superparamagnet in a strong magnetic field leads to a substantial change in the form of the magnetization curve (Fig. 2a) and, then, to a change in the Curie coefficient (Fig. 2b) .
In the high-temperature approximation (weak fields, b 1), in the first-order expansion in b, from (25), we obtain (29)
Based on this expression, the Curie law for the powder superparamagnets in the state of mechanical anisotropy can be represented as follows: (30) where
is the usual Curie coefficient; and (32) is a correction to the Curie coefficient, which is due to mechanical anisotropy.
In the case of powder samples of magnetite with the size of particles d m = 11 nm and d = 15 nm, at room temperature we have and . The number of nanoparticles is usually approximately equal to and, therefore, the Curie constant is With allowance for the mechanical anisotropy, we obtain Thus, the creation of mechanical anisotropy in powder samples leads to an increase in the Curie coefficient by a factor of .
CONCLUSIONS
The process of the magnetization of a macrosystem of superparamagnets depends substantially on the orientation of the anisotropy axes of nanoparticles. In powder samples, the anisotropy axes are oriented randomly and are frozen. The consistent allowance for the magnetic anisotropy shows that the random character of the directions of the nanoparticle axes suppresses the role of magnetic anisotropy of nanoparticles upon magnetization. As a result, the shape of the magnetization curve is of the Langevin-type.
In magnetic liquids, the system of nanoparticles is unfrozen and the particle axes can freely rotate under the action of a magnetic field and random collisions of the molecules of the liquid. Under the action of a sufficiently strong magnetic field, a regular arrangement of the anisotropy axes occurs and a state of mechanical anisotropy is formed. In this case, the form of the magnetization curve changes significantly. At the beginning of the process, the axes of the nanoparticles are oriented randomly and the form of the magnetization curve is close to that of a Langevin-type; near the saturation segment, where the state of mechanical anisotropy takes place, this form approaches that determined by the formula (25). The development of mechanical anisotropy in magnetic liquids does not lead to changes in the Curie law.
The mechanical anisotropy can also be created in powder superparamagnets. In this case, a substantial change is observed in the Curie coefficient. 
